The first estimate of the upper bound µ(π) ≤ 42 of the irrationality measure of the number π was computed by Mahler in 1953, and more recently it was reduced to µ(π) ≤ 7.6063 by Salikhov in 2008. Here, it is shown that π has the same irrationality measure µ(π) = µ(α) = 2 as almost every irrational number α > 0.
Introduction
The irrationality measure µ(α) of a real number α ∈ R is the infimum of the subset of real numbers µ(α) ≥ 1 for which the Diophantine inequality
has finitely many rational solutions p and q, see [4, Chapter 11] . The map µ : R −→ [2, ∞) ∪ {1} is surjective. Any number in the set [2, ∞) ∪ {1} is the irrationality measure of some irrational number, confer [6, Theorem 2] . More precisely, a rational number has an irrationality measure of µ(α) = 1, see [11, Theorem 186] ; an algebraic irrational number has an irrationality measure of µ(α) = 2, confer Roth Theorem; and any irrational number has an irrationality measure of µ(α) ≥ 2. For example, a Champernowne number κ b = 0.123 · · · b − 1 · b · b + 1 · b + 2 · · · in base b ≥ 2 has an irrationality measure of µ(κ b ) = b, and a Liouville number ℓ b = n≥1 b −n! parametized by b ≥ 2 has an irrationality measure of µ(ℓ b ) = ∞, see [11, p. 208 ].
The analysis of the irrationality measure µ(π) ≥ 2 was initiated by Mahler in 1953, who proved that
for all rational solutions p and q, see [12] , et alii. The efforts of several authors have improved this estimate, see Table 1 . More recently, it was reduced to µ(π) ≤ 7.6063, see [15] .
Theorem 1.1. For any number ε > 0, the Diophantine inequality
has finitely many rational solutions p and q. In particular, the irrationality measure µ(π) = 2.
After some preliminary preparations, the proof of Theorem 1.1 is assembled in Section 6.
Beta and Gamma Functions
Certain properties of the beta function B(a, b) = 
, the multiplication formula. 
(ii) The product has the absolute value
where m ≥ 0 is the least integer such that −z + m + 1 > 0, and Γ(−z + m + 1) = O(1).
Proof. (i) Assume ℜe(z) > 0. Then, the functional equation 
for any complex number z ∈ C such that z = 0, −1, −2, −3, . . .. Here, m ≥ 0 is the least integer such that the real part ℜe(−z + m + 1) ≥ 0, see [ 
This statement follows from (i). The asymptotic expansions of the gamma function
and
and several other formulas, see [8, Equation 5 .10.1], [2, Chapter 1], et alii, provide other routes to the proof of Lemma 2.2. In addition, there are other ways to prove that 1/ sin n = O(n) as n → ∞.
For example, in [5] there are a few asymptotic formulas such as cot(1/x) ∼ x.
Numerical Data
The maxima of the function 1/ sin x occur at the numerators x = p n of the sequence of convergents p n /q n −→ π. The first few terms of sequence p n , which is cataloged as A046947 in [14] , are: 
Observe that the substitution z −→ p n /π in Γ(1 − z)Γ(z) leads to
A few values were computed to illustrate the prediction in Lemma 2.2. The ratio (12) is tabulated in the third column of Table 2 .
Sine Function And Pi
The argument of the subsequent result linking the sine function to the irrationality measure of the number π is well known in the number theory literature, the article [1] has some details. 
Proof. From the Taylor series sin x = x − x 3 /3! + x 5 /5! − · · · , it follows that | sin x| ≥ |x|/2 for any number |x| < π/2.
Let ε > 0 be an arbitrary small number, and let p k /q k be a large convergent of the irrational number π. For any pair of integers m ≤ q k and n ≤ p k , it follows that
where µ(π) ≥ 2 is the irrationality measure of the number π.
Thus, for any pair of integers m, n ∈ N such that |n − πm| < π/2, the inequality
holds for all large convergents p k /q k . Equivalently,
Substituting (16) into the sequence returns
where n = q k . This implies that the sequence n −u sin(n) −v −→ 0 converges as n −→ ∞ if and only if u − (µ(π) − 1)v > 0.
Convergence Of The Flint Hills Series
This analysis of the the convergence of the Flint Hills series is based on the representation of the sine function in terms of gamma functions as
where z ∈ C is a complex number. In some way, the representation (18) removes any reference to the difficult problem of estimating the maximal value of the function 1/ sin n as n → ∞. is absolutely convergent.
Proof. Using the change of variable z = n/π > 1 for n ≥ 4 in (18) yields
Taking the absolute value of the second subseries in (20), and applying Lemma 2.2, for instance, |Γ(1 − n/π)Γ(n/π)| ≪ n, return
The first subseries in (20) is bounded, and the triangle inequality yield
Hence, it immediately follows that the infinite series converges whenever u − v > 1. 
Main Result
This analysis of the irrationality measure µ(π) of the number π is completely independent of the prime number theorem, bu tit is somewhat related to the earlier analysis used by many authors, based Laplace integral of a factorial like function
where C is a curve around the simple poles of the integrand, and k ≥ 0, see [12] , [13] , [7] , [10] , [15] , and [5] for an introduction to the rational approximations of π and the various proofs. 
Therefore, comparing items (1) and (2) return
In particular, the inequality
holds for all large convergents p/q, where v ≥ 1 is any large number, and ε > 0 is any arbitrarily small number. Quod erat demontrandum.
Problem
Exercise 7.1. Do the irrationality measures of the numbers π and π 2 satisfy µ(π) = µ(π 2 ) = 2? This is supported by the similarity of sin(n) = sin(n − mπ) and sin x π = m≥1 1 − x 2 π 2 m 2 at x = n. More generally, x = n k π −k+1 Exercise 7.2. What is the relationship between the irrationality measures of the numbers π and π k , for example, do these measures satisfy µ(π) = µ(π k ) = 2 for k ≥ 2? Exercise 7.3. Does the continued fraction of the irrational number π = [a 0 ; a 1 , a 2 , a 3 , . . .] has a subsequence of unbounded partial fractions a n → ∞ as n → ∞? Exercise 7.4. The infinite series
n and S 2 = n≥1 1 n 2 sin n have many asymptotic similarities. The first is conditionally convergent. Is the series S 2 conditionally convergent? Exercise 7.5. A Champernowne number κ b = 0.123 · · · b − 1 · b · b + 1 · b + 2 · · · in base b ≥ 2 is formed by concatenating the sequence of consecutive integers in base b is irrationality. Show that the number 0.F 0 F 1 F 2 F 3 . . . = 1/F 11 formed by concatenating the sequence of Fibonacci numbers F n+1 = F n + F n−1 is rational. Exercise 7.6. Let f (x) ∈ Z[x] be a polynomial, and let D n = |f (n)|. Show that the number 0.D 0 D 1 D 2 D 3 . . . formed by concatenating the sequence of values is irrational. Exercise 7.7. Let {D n ≥ 0 : n ≥ 0} be an infinite sequence of integers, and let α = 0.D 0 D 1 D 2 D 3 . . . formed by concatenating the sequence of integers. Determine a sufficient condition on the sequence of integers to have an irrational number α > 0.
